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1. INTRODUCTION
Throughout, let R denote a commutative Noetherian ring and let a
denote a proper ideal of R. We say that a has linear growth of primary
decompositions if there exists a positive integer h such that, for every
Žn g N we use N to denote the set of positive integers and N to denote0
.the set of non-negative integers , there exists a minimal primary decompo-
sition of a n,
hnna s q l . . . l q , with q : q for all i s 1, . . . , k .'n1 nk ni ni nn
w xI. Swanson proved in 13, Theorem 3.4 that every proper ideal in every
commutative Noetherian ring has linear growth of primary decomposi-
w xtions. In 4 , W. Heinzer and Swanson gave an alternative proof of this
result in the special case where R is locally at each prime ideal formally
equidimensional and analytically unramified. Motivation for this work
comes from the so-called ``localization problem'' in the theory of tight
w x Ž .closure: see K. E. Smith and Swanson 12, Corollary 1.3 and its proof
w xand M. Hochster and C. Huneke 5, p. 43 .
The purpose of this paper is to establish a parallel result for integral
closures of ideals. The concept of integral closure of an ideal in a
commutative Noetherian ring was introduced by D. G. Northcott and D.
w x w xRees in 9 ; see also 3, Sect. 18.1 . We denote the integral closure of an
ideal b of R by b. We say that a has linear growth of primary decomposi-
tions for integral closures if there exists a positive integer t such that, for
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nevery n g N, there exists a minimal primary decomposition of a ,
t nX X X Xna s q l . . . l q , with q : q for all i s 1, . . . , l .'n1 nl ni ni nn
We prove in this paper that every proper ideal in every commutative
Noetherian ring has linear growth of primary decompositions for integral
closures.
2. PRELIMINARY LEMMAS
wOur first lemma is a special, very easy, case of Swanson's theorem 13,
xTheorem 3.4 mentioned in the Introduction: we give a simple direct proof
which illustrates why primary components corresponding to minimal prime
Ž .ideals do not present serious obstacles to a proof of the full Swanson's
theorem.
Ž w x.2.1. LEMMA. A result of M. Brodmann see 2 shows that there exists
Ž n. Ž n0.n g N such that ass a is constant for all n G n : assume that ass a0 0
consists of minimal prime ideals of a. Then a has linear growth of primary
decompositions.
Ž . n0Proof. Let p , . . . , p be the distinct associated prime ideals of a .1 k
Note that, for each n G n , the ideal a n has a unique minimal primary0
decomposition
na s q l . . . l q , with q s p for all i s 1, . . . , k .'n1 nk ni i
Choose an integer i between 1 and k. Since p is a minimal prime of a ,i
the ideal a R of R is p R -primary, and so there exists h g N suchp p i p ii i i
Ž .hithat p R : a R . Then, for all n G n , we havei p p 0i i
n nh inq R s a R s a R = p R .Ž . Ž .ni p p p i pi i i i
 4Thus, if we set h [ max h , . . . , h , then1 k
hnhnp s q : q for all i s 1, . . . , k and all n G n .'i ni ni 0
n0y1 Ž n.Since D ass a is finite, it is now a simple matter to complete thens1
proof.
We remind the reader that our commutative Noetherian ring R is said
to be normal if and only if R is an integrally closed integral domain forp
Ž . w xall p g Spec R : see 7, p. 64 .
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2.2. LEMMA. Suppose that our commutati¤e Noetherian ring R is normal,
and that the non-unit u of R is a non-zerodi¤isor. Then the principal ideal Ru
has linear growth of primary decompositions.
Ž .nProof. Since u is a non-zerodivisor, ass Ru s ass Ru for all n g N;
Ž .we let p , . . . , p be the distinct associated prime ideals of Ru. Since R is1 k
Ž w xnormal, it follows from a theorem of Serre see 7, Theorem 23.8 , for
. Ž . Ž .example that R satisfies both the conditions S and R ; in particular,2 1
for each n g N, we note that p , . . . , p are all minimal associated primes1 k
Ž .nof Ru . The result therefore follows from 2.1.
Ž .2.3. LEMMA. i Let S be a multiplicati¤ely closed subset of R. Then
y1 y1S as S a.
nŽ . Ž . Žii Now set P s D ass a which, by a result of L. J. Ratliffng N
Ž w Ž . Ž . Ž . x. .see 10, 2.5 ; 11, 2.4 , 2.7 ; 8, Chap. III , is a finite set , and S [
R_D p. If the proper ideal Sy1 a of the semi-local ring Sy1R has linearp g P
growth of primary decompositions for integral closures, then a has linear
growth of primary decompositions for integral closures.
h hq1Ž .Proof. i There exists h g N such that a a s a ; hence
y1 y1 h y1 hq1 y1 y1Ž . Ž .S a S a s S a , so that S a is a reduction of S a and
y1 y1S a : S a. On the other hand, if r g R and s g S are such that rrs
y1 y1g S a, then rrs is integral over S a , and it is easy to deduce from this
that there exists sX g S such that sX r is integral over a; hence rrs s
X X y1 y1 y1s rrs s g S a , and S a = S a.
Ž . Ž .ii It follows from part i above that
ny1 n y1S a s S a for all n g N.Ž .
Ž .Denote the contraction back to R under the natural ring homomorphism
of an ideal A of Sy1R by A c. The choice of S ensures that
cc nn y1 n y1a s S a s S a for all n g N.Ž .Ž . ž /
Therefore, we can contract appropriate minimal primary decompositions
ny1 y1Ž .of the S a n g N in S R back to R to deduce that, if the idealŽ .
Sy1 a of Sy1R has linear growth of primary decompositions for integral
closures, then a also has linear growth of primary decompositions for
integral closures. Finally, we note that, since P is finite, Sy1R is semi-lo-
cal.
2.4. LEMMA. Suppose that our commutati¤e Noetherian ring R is semi-lo-
Ã Žcal, and let R denote the completion of R with respect to its Jacobson
.radical .
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Ã ÃIf the proper ideal a R of R has linear growth of primary decompositions for
integral closures, then a has linear growth of primary decompositions for
integral closures.
Ã ÃProof. The natural ring homomorphism R “ R makes R faithfully flat
Ã ÃŽ .over R, and so a R is a proper ideal of R and
n
n n Ã Ãa s a R l R s a R l R for all n g N,Ž .
w xby 8, Lemma 3.15 . Therefore, we can contract appropriate minimal
nÃ ÃŽ .primary decompositions of the a R n g N in R back to R to draw theŽ .
desired conclusion.
2.5. LEMMA. Let n denote the nilradical of R. Then
j ja q n rn s a rn for all j g N.Ž .Ž .
Ž .Consequently, if the proper ideal a q n rn of Rrn has linear growth of
primary decompositions for integral closures, then a has linear growth of
primary decompositions for integral closures.
Proof. For the first part, it is sufficient to show that a q n rns arn ,Ž .
and this we do.
Clearly n : b , and therefore n q b : b , for all ideals b of R. Hence
a : a q n : a s a ,
and so a q nrn s arn. Thus it suffices to show that brn s brn for all
ideals b of R with b = n. It can easily be seen that brn : brn.
Let r g R be such that r q n g brn. Then there exist h g N and
i Ž .elements b g b 1 F i F h such thati
h hy1r q n q b q n r q n q ???Ž . Ž . Ž .1
q b q n r q n q b q n s 0.Ž . Ž . Ž .hy1 h
Therefore, r h q b r hy1 q ??? qb r q b g n , and so there exists m g N1 hy1 h
Ž h hy1 .msuch that r q b r q ??? qb r q b s 0. Expansion of the left-1 hy1 h
hand side of this equation quickly shows that r g b. It follows that brn
s brn.
We can now establish the final claim by contracting back to R appropri-
j Ž .ate minimal primary decompositions for the a q n rn j g N .Ž .Ž .
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2.6. LEMMA. Suppose that our commutati¤e Noetherian ring R is a subring
X X Žof the commutati¤e ring R , and that R is a finitely generated R-module and
.therefore a Noetherian ring .
If the proper ideal a RX of RX has linear growth of primary decompositions
for integral closures, then a has linear growth of primary decompositions for
integral closures.
Proof. Since a must be contained in a maximal ideal of R, it follows
Ž w x . Xfrom the Lying-over Theorem see 7, Theorem 9.3 , for example that a R
is a proper ideal of RX.
X Xh hq1 hŽ .There exists h g N such that aa s a ; hence a R a R s
X X X Xhq1Ž .a R , and a R : a R . Therefore, a : a R l R.
X w x ŽConversely, if r g a R l R, then, by 3, 18.1.4 and with the notation
. Xw y1 xthereof , the element rT of the Laurent polynomial ring R T , T is
Xw X y1 x Xintegral over the extended Rees ring R a R T , T . But R is integral
Xw X y1 x w y1 xover R, and so R a R T , T is integral over its subring R aT , T ;
w y1 x w y1 xhence the element rT of R T , T is integral over R aT , T ; therefore
r g a.
XWe have therefore proved that a s a R l R; hence
nXna s a R l R for all n g N,Ž .
and we can contract appropriate minimal primary decompositions of the
nX XŽ .ideals a R n g N in R back to R to draw the desired conclusion.Ž .
3. RESULTS ON INTEGRAL CLOSURES OF RINGS
3.1. Notation. Let RX be a commutative ring. The full ring of fractions
Ž X. X y1 X XTot R of R is S R , where S is the set of all non-zerodivisors of R . We
X X XŽ .denote the integral closure of R in Tot R by R . In particular, the
integral closure of an integral domain D in its field of fractions will be
Xdenoted by D. More generally, if R is a subring of a commutative ring V,
XV TotŽR .X X Xthen the integral closure of R in V will be denoted by R ; thus R
Xs R .
Ž .We remind the reader that the commutative Noetherian ring R is said
Ž .to be a Nagata ring if, for every p g Spec R and every finite extension
L Žfield L of the field of fractions of Rrp, the ring Rrp the notation is as
. w Ž .xin 3.1 is finitely generated as a module over Rrp: see 6, Sect. 31.A .
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3.2. PROPOSITION. Suppose that our commutati¤e Noetherian ring R is
reduced, and let p , . . . , p be the minimal prime ideals of R. Let c :1 n
R “ Ł n Rrp be the canonical injecti¤e ring homomorphism. For eachis1 i
i s 1, . . . , n, let K denote the quotient field of Rrp ; and let S denote the seti i
of non-zerodi¤isors of R.
(y1 nŽ .i There is a ring isomorphism f : S R “Ł K for whichis1 i
nr r q p i
f s for all r g R , s g S.ž / ž /s s q p i is1
nŽ . Ž .ii We ha¤e f R s Ł Rrp , and the diagramis1 i
:: y166R R S R
u( f (c f
6
6 6: :
n n n6 6Ł Rrp Ł Rrp Ł Kis1 i is1 i is1 i
commutes.
Ž .iii If R is a normal ring, then R s R.
Ž .iv If R is a Nagata ring, then R is a finitely generated R-module, and a
normal Nagata ring.
Ž .Proof. i This is elementary.
nŽ . Ž .ii It is clear that f R : Ł Rrp , and easy to check that theis1 i
ndiagram commutes. Let s g Ł Rrp , which is integral over its subringis1 i
Ł n Rrp . Note that c makes Ł n Rrp into a finitely generated R-is1 i is1 i
module. Hence s is integral over R, so that there exist h g N and
r , . . . , r g R such that0 hy1
s h q c r s hy1 q ??? qc r s q c r s 0.Ž . Ž . Ž .hy1 1 0
y1 Ž .Now there exists t g S R such that f t s s , and it follows that
t h q r t hy1 q ??? qr t q r s 0hy1 1 0
and t g R.
Ž . w xiii If R is a normal ring, then, by 7, p. 64 , c is an isomorphism
and, for all i s 1, . . . , n, the domain Rrp is integrally closed, so thati
Rrp s Rrp .i i
Ž . w xiv Assume that R is a Nagata ring. Then, by 6, p. 231 , the
integral domain Rrp is a Nagata domain, for all i s 1, . . . , n. It followsi
n nthat the inclusion ring homomorphism Ł Rrp “ Ł Rrp isis1 i is1 i
module-finite; since c makes Ł n Rrp into a finitely generated R-mod-is1 i
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Ž .ule and the diagram in part ii is commutative, it follows that R is a
finitely generated R-module. Thus R inherits the Nagata property from R.
nŽ .Finally, part ii shows that R is isomorphic as a ring to Ł Rrp , theis1 i
direct product of finitely many Noetherian integrally closed domains;
hence R is normal.
3.3 PROPOSITION. Suppose that our commutati¤e Noetherian ring R is a
reduced normal Nagata ring, and that a contains a non-zerodi¤isor of R. Let
w y1 xT be an indeterminate. We can regard the extended Rees ring R aT , T s
n n Ž n .[ a T interpret a as R when n - 0 as a subring of the Laurentng Z
w y1 xpolynomial ring R T , T .
Then
y1w xR T , Tn n y1 y1w x w xa T s R aT , T s R aT , T ,[
ngZ
Ž .and this ring is again a reduced normal Nagata Noetherian ring.
w xProof. Let r g R and n g N. It is easy to extend the result of 3, 18.1.4
n n y1w xto show that r g a if and only if the element rT of R T , T is integral
w y1 xover R aT , T ; hence
y1w xR T , Tn n y1w xa T : R aT , T .[
ngZ
wWe can now deduce the reverse inclusion from 1, Chap. V, Sect. 1.8,
y1RwT , T xy1x w xProposition 20 , which shows that R aT , T is actually a graded
w y1 x w y1 xR aT , T -subalgebra of R T , T .
w y1 x w y1 xIt is elementary that R T , T and R aT , T are reduced; it follows
w x w x w y1 xfrom 7, Theorem 23.9 that R T , and therefore R T , T , is normal; and
w Ž .x w y1 x w y1 xit follows from 6, Sect. 31.H that R T , T and R aT , T are again
Nagata rings.
w y1 x Ž .Since R T , T is normal and reduced, we can deduce from 3.2 iii that
y1 y1w xw xR T , T s R T , T . Since a contains a non-zerodivisor of R, we have
Ž w y1 x. Ž w y1 x.Tot R aT , T s Tot R T , T . Hence
y1w xR T , Ty1 y1 n nw x w xR aT , T s R aT , T s a T .[
ngZ
w y1 x Ž .Finally, since R aT , T is a reduced Nagata ring, it follows from 3.2 iv
y1 y1w xw xthat R aT , T is a finitely generated R aT , T -module, and a normal
Nagata ring.
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4. THE MAIN RESULT
In this section we prove the main result of the paper, namely that every
proper ideal of every commutative Noetherian ring has linear growth of
primary decompositions for integral closures.
Ž4.1. THEOREM. Recall that a is a proper ideal of the commutati¤e
.Noetherian ring R.
There exists a positi¤e integer t such that, for e¤ery n g N, there exists a
nminimal primary decomposition of a ,
t nna s q l . . . l q , with q : q for all i s 1, . . . , l .'n1 nl ni ni nn
Proof. Let T be an indeterminate, and consider the extended Rees ring
w y1 x w y1 xR aT , T as a subring of the Laurent polynomial ring R T , T . For
nn y1 y1w xeach n g N, we have a s T R aT , T l R. It therefore followsŽ .
y1 w y1 x w y1 xthat, if the principal ideal T R aT , T of R aT , T has linear growth
of primary decompositions for integral closures, then the ideal a of R has
linear growth of primary decompositions for integral closures. Thus it is
sufficient for us to prove the result in the special case in which a is
Ž .principal and generated by a non-unit non-zerodivisor.
It now follows from Lemmas 2.3, 2.4, and 2.5 that is sufficient for us to
prove the result in the special case in which a is principal and generated
by a non-zerodivisor and R is a reduced complete semi-local ring. In that
w xcase, however, R is, by 7, Theorem 8.15 , isomorphic to the direct product
of finitely many complete local rings, so that R is a Nagata ring by a
Ž w Ž . x. Ž .theorem of Nagata see 6, Sect. 31.C , Corollary 2 . Hence, by 3.2 iv , the
integral closure R is a finitely generated R-module, and a reduced normal
Nagata ring. We can now use Lemma 2.6 to see that it is sufficient for us
to prove the result in the special case in which a is principal and
generated by a non-zerodivisor and R is a reduced normal Nagata ring,
and so we suppose that a and R have these properties.
w y1 x Ž .Set R [ R a X, X where X is an indeterminate . It follows from
Ž .Proposition 3.3 that R is again a reduced normal Nagata Noetherian
ring, and that
ny1 nX R l R s a for all n g N.Ž .
y1Lemma 2.2 shows that the principal ideal X R of R has linear growth of
primary decompositions, and so we can deduce that a has linear growth
of primary decompositions for integral closures simply by contraction down
y1 nŽ .to R of appropriate minimal primary decompositions for the X R
Ž .n g N .
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